The power conversion efficiency of an ultrathin CuIn 1−ξ Ga ξ Se2 (CIGS) solar cell was maximized using a coupled optoelectronic model to determine the optimal bandgap grading of the nonhomogeneous CIGS layer in the thickness direction. The bandgap of the CIGS layer was either sinusoidally or linearly graded, and the solar cell was modeled to have a metallic backreflector corrugated periodically along a fixed direction in the plane. The model predicts that specially tailored bandgap grading can significantly improve the efficiency, with much smaller improvements due to the periodic corrugations. An efficiency of 27.7% with the conventional 2200-nm-thick CIGS layer is predicted with sinusoidal bandgap grading, in comparison to 22% efficiency obtained experimentally with homogeneous bandgap. Furthermore, the inclusion of sinusoidal grading increases the predicted efficiency to 22.89% with just a 600-nm-thick CIGS layer. These high efficiencies arise due to a large electron-hole-pair generation rate in the narrow-bandgap regions and the elevation of the open-circuit voltage due to a wider bandgap in the region toward the front surface of the CIGS layer. Thus, bandgap nonhomogeneity, in conjunction with periodic corrugation of the backreflector, can be effective in realizing ultrathin CIGS solar cells that can help overcome the scarcity of indium.
Introduction
The power conversion efficiency η of thin-film CuIn 1−ξ Ga ξ Se 2 (CIGS) solar cells is about 22% [1, 2] . This efficiency compares well to the 26.7% efficiency of single-junction crystalline-silicon solar cells [2] , but the scarcity of indium is a major obstacle for large-scale and low-cost production of thin-film CIGS solar cells [3] . If the thickness of the CIGS layer could be reduced without significantly reducing the efficiency, this obstacle could be overcome. However, naïvely reducing that thickness below 1000 nm can lower η for two reasons. First, the lower absorption of solar photons would reduce both the optical short-circuit current density J
Opt sc
and the open-circuit voltage V oc . Second, the increased back-contact electron-hole-pair recombination rate [4, 5] would reduce the output current density. Common techniques under investigation to offset these problems include the use of light-trapping nanostructures [5, 6, 7] , alternative back contacts [7] , and backsurface passivation [8] .
Although nonhomogeneity (i.e., bandgap grading) of the CIGS layer could increase η by establishing drift fields [4] , simple simulations as well as experiments have shown that linear grading of the bandgap can significantly reduce the short-circuit current density J sc [4, 9, 10, 11] . New strategies are required for bandgap grading to maintain J sc and enhance V oc .
Optoelectronic simulations of thin-film Schottky-barrier solar cells with periodically nonhomogeneous absorbing layers of InGaAn and periodically corrugated backreflectors, predict improvement in efficiency [12, 13] . This improvement is due to: (i) the enhancement of J sc owing to the excitation of guided wave modes by the use of the periodically corrugated backreflector [14, 15, 16, 17] and (ii) the enhancement of V oc because of bandgap grading in the nonhomogeneous semiconductor layer [4, 11, 10] . Motivated by these simulations, we undertook a detailed optoelectronic optimization of ultrathin CIGS solar cells with a nonhomogeneous CIGS layer with back-surface passivation and backed by a periodically corrugated metallic backreflector.
Nonhomogeneity in the CIGS layer was modeled through either a sinusoidal or a linear variation of the bandgap along the thickness direction (taken to be the z axis of a Cartesian coordinate system). The commonly considered planar molybdenum (Mo) contact, which also functions as a backreflector, was taken to be periodically corrugated along the x axis for better light trapping [14, 16, 17] . Parenthetically, the replacement of Mo by silver (Ag) has been theoretically predicted to enhance J Opt sc [7] , but the lower stability of Ag at temperatures exceeding 550
• C makes it impractical for the fabrication of CIGS solar cells. A thin passivation layer of Al 2 O 3 was inserted between the CIGS layer and the backreflector. This passivation layer reduces the back-contact electron-hole recombination rate [8] and also protects the electrical characteristics of the CIGS layer [18] .
We first used the rigorous coupled-wave approach (RCWA) [19, 20] to calculate the useful absorptance [21] of the chosen solar cell exposed to normally incident unpolarized light. Assuming the incident power spectrum was the AM1.5G solar spectrum [22] , we then determined the x-averaged electron-hole-pair generation rate G(z) in the solar cell. Then, we implemented the one-dimensional (1D) drift-diffusion model [18, 23] for electrical calculations. A hybridizable discontinuous Galerkin (HDG) scheme [24, 25] was developed for the drift-diffusion equations. The bandgap-dependent electron affinity and defect density [26] were incorporated in the electrical calculations, as also were the nonlinear Shockley-Read-Hall (SRH) and radiative electron-hole recombination processes [18, 23] . Surface recombination was neglected because it has been experimentally shown to be inconsequential for CIGS solar cells [27] , but we did assess the role of traps at a CdS/CIGS interface in the solar cell [26] by incorporating a surface-defect layer [10] . The optoelectronic model was implemented for the conventional 2200-nm-thick homogeneous CIGS layer for ξ ∈ {0, 0.25, 1} and the predicted efficiency compared favorably with experimental results in the literature.
The bandgap profile of the CIGS layer and the dimensions of the backreflector were optimized for discrete values of the thickness L CIGS of the CIGS layer ranging from 100 nm to 2200 nm. The differential evolution algorithm (DEA) [28] was used to maximize η for three configurations:
(i) homogeneous-bandgap CIGS layer with flat backreflector,
(ii) sinusoidally nonhomogeneous-bandgap CIGS layer with periodically corrugated backreflector, and (iii) linearly nonhomogeneous-bandgap with periodically corrugated backreflector.
By implementing a coupled optoelectronic model instead of an optical model, we were able to bypass the major limitation of the latter: optical models can yield J Opt sc as well as the theoretical upper bound P sup of the maximum extractable power density [29] , but are incapable of accurately modeling V oc and η. Not surprisingly therefore, optical models yield homogeneous bandgap to be superior to bandgap grading for maximizing P sup [30] , but that conclusion is irrelevant for the maximization of η, as we show in this paper.
The structure of this paper is as follows. Section 2 on optoelectronic optimization is divided into five subsections. The optical description of the solar cell is presented in Sec 2.2.1 and the approach adopted for optical calculations is summarized in Sec. 2.2.2, the electrical description of the solar cell is discussed in Sec 2.2.3 and the equations solved are described in Sec. 2.2.4, and optimization is discussed in Sec. 2.2.5.
Numerical results are presented and discussed in Sec. 3, which is divided into seven subsections. Section 3.3.1 compares the efficiency of the conventional 2200-nm-thick solar cell with a homogeneous CIGS layer predicted by the model with available experimental data. The effect of the Al 2 O 3 passivation layer on the solar-cell performance is discussed in Sec. 3.3.2. Section 3.3.3 provides the optimal results for solar cells with a homogeneous CIGS layer and a flat backreflector, Sec. 3.3.4 for solar cells with a homogeneous CIGS layer and a periodically corrugated backreflector, and Sec. 3.3.5 for solar cells with a linearly graded CIGS layer and a periodically corrugated backreflector. Optimal results for solar cells with a sinusoidally graded CIGS layer and a periodically corrugated backreflector are discussed in Sec. 3.3.6. A detailed study of the optimal 600-nm-thick solar cell is presented in Sec. 3.3.7. The paper ends with concluding remarks in Sec. 4.
All optical calculations were performed with an implicit exp(−iωt) dependence on time t, with ω as the angular frequency and i = √ −1. The free-space wavelength and the intrinsic impedance of free space are denoted by λ 0 = 2πc 0 /ω and η 0 = µ 0 /ε 0 , respectively, where λ 0 is the free-space wavelength, µ 0 is the permeability of free space, ε 0 is the permittivity of free space, and c 0 = 1/ √ ε 0 µ 0 is the speed of light in free space. Vectors are underlined and the Cartesian unit vectors are identified asû x ,û y , andû z .
Optoelectronic optimization
The structure of the CIGS solar cell is shown schematically in Fig. 1 . The solar cell occupies the region X : {(x, y, z)| − ∞ < x < ∞, −∞ < y < ∞, 0 < z < L t }, with the half spaces z < 0 and z > L t occupied by air. The reference unit cell of this structure is identified as R :
with the backreflector being periodically corrugated with period L x along the x axis. The window region 0 < z < L w = 210 nm consists of a 110-nm-thick layer of magnesium fluoride (MgF 2 ) [31] as an antireflection coating [32] and a 100-nm-thick layer of aluminum-doped zinc oxide (AZO) [33] as an electrical contact. The region L w < z < L w + L iZnO is a 80-nm-thick layer of intrinsic zinc oxide (iZnO) [34] as a buffer layer to increase the open-circuit voltage [35] . The region L w + L iZnO < z < L w + L iZnO + L CdS is a 70-nm-thick layer of n-type CdS [36] to form a junction with a p-type CIGS layer of thickness
, 200, 300, 400, 500, 600, 900, 1200, 2200} nm.
The
. This is included to protect the electrical characteristics of the CIGS layer and also function as a passivation layer to reduce the back-surface electron-hole recombination rate. The region
nm being chosen to be well beyond the electromagnetic penetration depth [39] of Mo in the optical regime. The region 
Optical description of solar cell
The permittivity in the grating region of R is given by
where ζ ∈ [0, 1] is the duty cycle, ε m (λ 0 ) is the permittivity of Mo [38] , and ε d (λ 0 ) is the permittivity of Al 2 O 3 [33] . Spectrums of real and imaginary parts of the relative permittivity ε(λ 0 )/ε 0 of MgF 2 [31] , AZO [33] , iZnO [34] , CdS [36] , Al 2 O 3 [37] , and Mo [38] used in our calculations are displayed in Fig. 2 .
The bandgap E g of CIGS varies with z in the CIGS layer. As solar cells are fabricated using vapordeposition techniques [40] , nonhomogeneous bandgap profiles could be physically realized by varying the parameter ξ ∈ [0, 1] during the deposition process [26, 41] . The linearly nonhomogeneous bandgap for forward grading was modeled as
where E g,min is the minimum bandgap, E g,max is the maximum bandgap, and A is an amplitude (with A = 0 representing a homogeneous CIGS layer). The linearly nonhomogeneous bandgap for backward grading was modeled as
Three representative profiles of linearly nonhomogeneous bandgap are shown in Fig. 3(a) . The parameter space for optimization of η was fixed as follows:
.626] eV, and E g,max ∈ [0.947, 1.626] eV with the condition E g,max ≥ E g,min .
The sinusoidally varying bandgap was modeled as
where ψ ∈ [0, 1) quantifies a relative phase shift, K is the number of periods in the CIGS layer, and α > 0 is a shaping parameter. Three representative profiles of sinusoidally nonhomogeneous bandgap are shown in Fig. 3(b) . The parameter space for optimization of η was fixed as follows:
Spectrums of the real and imaginary parts of the relative permittivity ε/ε 0 of CIGS in the optical regime are plotted in Fig. 4 as functions of ξ [30, 42] . 
Optical calculations
The RCWA [19, 20] was used the calculate the electric field phasor E(x, z, λ 0 ) everywhere inside the solar cell as a result of illumination by a monochromatic plane wave normally incident on the plane z = 0 from the half space z < 0. The electric field phasor of the incident plane wave was taken as
where
The region R was partitioned into a sufficiently large number of slices along the z axis, such that the useful solar absorptance [21, 30] converged correct to ±1%. Each slice was taken to be homogeneous along the z axis but could be periodically nonhomogeneous along the x axis. Standard boundary conditions were enforced on the planes z = 0 and z = L t to match the internal field phasors to the incident, reflected, and transmitted field phasors, as appropriate. Detailed descriptions of the RCWA implementation are available elsewhere [30, 20, 13] .
With the assumption that every absorbed photon excites an electron-hole pair, the electron-hole-pair generation rate was calculated as
where is the reduced Planck constant, S(λ 0 ) is the AM1.5G solar spectrum [22] , λ 0,min = 300 nm, and λ 0,max = (1240/E g,min ) eV nm. As the solar cell operates under the influence of a z-directed electrostatic field created by the application of a bias voltage V ext , charge carriers generally flow along the z axis, any current generated parallel to the x axis being very small. Moreover, the period L x of the corrugated backreflector is ∼500 nm, which is so small in comparison to the lateral dimensions of the solar cell that it can be ignored for electrostatic analysis. Therefore, the x-averaged electron-hole-pair generation rate was calculated as
for use in Secs. 2.2.3 and 2.2.4. The generation rate G(z) contains the effects of: (i) the periodic corrugations of the backreflector, (ii) the Al 2 O 3 back-surface passivation layer, and (iii) the MgF 2 antireflection coating.
Electrical description of solar cell
The region L w < z < L d containing the iZnO, CdS, and CIGS layers was considered for electrical modeling. Both iZnO and CdS must be considered in addition to CIGS, because both contribute to charge-carrier generation. The useful solar spectrum is typically taken to span free-space wavelengths in excess of λ 0,min = 300 nm. Since iZnO has a bandgap of 3.3 eV, it will absorb solar photons with energies corresponding to λ 0 ∈ [300, 376] nm. Likewise, as CdS has a bandgap of 2.4 eV, it will absorb solar photons with energies corresponding to λ 0 ∈ [300, 517] nm. Hence, the generation of electron-hole pairs in the iZnO and CdS layers must be accounted for, not to mention the recombination of electron-hole pairs in both layers. As our focus is on modeling the electrical characteristics of the solar cell, not on how it interfaces with an external circuit, both terminals were assumed to be ideal ohmic contacts. We used a 1D drift-diffusion model [23, 18, 43] to investigate the transport of electrons and holes for z ∈ [L w , L d ], as discussed next.
Electrical theory
The electron-current density J n (z) and the hole-current density J p (z) are driven by gradients in the electron and hole quasi-Fermi levels, respectively. Thus [23, Sec. 4 .6],
where q e = 1.6×10 −19 C is the elementary charge; n(z) and p(z) are the electron density and hole density, respectively; and µ n and µ p are the electron mobility and hole mobility, respectively. The electron quasiFermi level
and the hole quasi-Fermi level
involve the product of the Boltzmann constant k B = 1.380649 × 10 −23 J K −1 and the absolute temperature T . Furthermore, N c (z) is the density of states in the conduction band, N v (z) is the density of states in the valence band,
is the valence band-edge energy, φ(z) is the dc electric potential, and χ(z) is the bandgap-dependent electron affinity. The reference energy level E 0 is arbitary. When the right side of Eq. (9) is substituted in Eq. (8) 1 , the contribution of diffusion of electrons to J n (z) can be identified as depending on dn/dz, the remainder being the contribution of electron drift; and likewise for J p (z).
According to the Boltzmann approximation [23] ,
where the intrinsic charge-carrier density
and the intrinsic energy
Under steady-state conditions, the 1D drift-diffusion model comprises the following three differential equations [23, Sec. 4.6]:
These differential equations hold for z ∈ (L w , L d ), with R(n, p; z) as the electron-hole-pair recombination rate, N f (z) as the defect density (also called trap density), and ε dc (z) as the dc relative permittivity. Although ε dc (z), N c (z), and N v (z) depend on z because they depend on the bandgap, following Frisk et al. [26] we took all three quantities to be independent of z because bandgap-dependent values are not available for CIGS. Electron-hole pairs are produced at the rate G(z) defined in Eq. (7) and recombine at the rate R(n, p; z). We incorporated the radiative recombination and SRH recombination processes via R(n, p; z) = R rad (n, p; z)+ R SRH (n, p; z) [23, 18] . The radiative recombination rate is given by
where R B is the radiative recombination coefficient. The SRH recombination rate is given by
where n 1 (z) and p 1 (z) are the electron and hole densities at the trap energy level E T ; the minority carrier lifetimes
depend on the capture cross sections σ n and σ p for electrons and holes, respectively; and v th represents the mean thermal speed for all charge carriers. The defect density N f (z) was taken to be bandgap-dependent for the SRH recombination rate. Equation (16) describes the dc electric potential created by the electrically charged regions of the solar cell. Table 1 provides the values of the aforementioned electrical parameters as well as the doping density N D used for iZnO, CdS, and CIGS [26] .
Equations (14)- (16) were supplemented by Dirichlet boundary conditions on n(z), p(z), and φ(z) at the planes z = L w and z = L d [13, 44] . These boundary conditions were derived after assuming the region L w < z < L d to be uncharged and at local quasi-thermal equilibrium [18] ; furthermore, a bias voltage V ext was applied at the plane z = L d . Solution of this system of equations was undertaken using the HDG scheme [46, 25, 45] , in which all the z-dependent variables have to be discretized using discontinuous finite elements in a space of piecewise polynomials of a fixed degree. The full discretized system was solved for n(z), p(z), and φ(z), using the Newton-Raphson method [43] . The HDG scheme is particularly advantageous for simulating solar cells with heterojunction interfaces [47] such as those which occur between the CdS and CIGS layers. 
Optoelectronic optimization
Solution of the drift-diffusion equations enabled the calculation of the current density
flowing through the iZnO/CdS/CIGS region. Under steady-state conditions, J(z) = J dev is constant throughout the solar cell. Thus, J dev is the current density delivered to an external circuit; J sc is the value of J dev when V ext = 0 and V oc is the value of V ext such that J dev = 0. With the power density defined as P = J dev V ext , the maximum power density P max obtainable from the solar cell is the highest point on the P -V ext curve.
The efficiency is calculated as the ratio P max /P in , where P in = 1000 W m −2 is the integral of S(λ 0 ) over the solar spectrum. Also, a figure of merit called fill factor F F = P max /V oc J sc is commonly considered in solar-cell research. The DEA [28] was used to optimize η, using a custom algorithm implemented with MATLAB R version R2017b.
3 Numerical results and discussion
Conventional CIGS solar cell (model validation)
First, we validated our coupled optoelectronic model by comparison with extant experimental results for the conventional MgF 2 /AZO/iZnO/CdS/CIGS/Mo solar cell containing a 2200-nm-thick homogeneous CIGS layer and a flat backreflector [48] . Values of J sc , V oc , F F , and η obtained from our model for ξ = 0 (E g = 0.947), ξ = 0.25 (E g = 1.12), and ξ = 1 (E g = 1.626) are provided in Table 2 , as also are the corresponding experimental data [1, 48] . The model predictions are in reasonable agreement with the experimental data, the differences very likely due to variance between the optical and electrical properties used in the model from those realized in practice. Table 2 : Comparison of J sc , V oc , FF, and η predicted by the coupled optoelectronic model for a conventional CIGS solar cell with a homogeneous CIGS layer (i.e., A = 0) with their experimental counterparts [48, 1] . Next, we assessed the role of traps at the CdS/CIGS interface in the solar cell [26] by incorporating a 10-nm-thick surface-defect layer between the CdS and the CIGS layers [10] . The interface trap density was taken to be 10 12 cm −2 , all other characteristics of the surface-defect layer being the same as of the CIGS layer [26] . The efficiency reduced in consequence, but the reduction was very small. For example, the efficiency calculated for ξ = 0.25 reduced from 18.12% (Table 2 ) to 18.11%. This is accord with an experimental study concluding the influence of surface recombination on high-efficiency CIGS solar cells to be insignificant [27] . We ignored the surface-defect layer for all results presented from hereonwards in this paper.
Effect of Al 2 O 3 layer
To delineate the effect of the 50-nm-thick Al 2 O 3 layer between the CIGS layer and a flat backreflector, we optimized the CIGS solar cell with and without that layer. Values of J sc , V oc , F F , and η obtained from our model for L CIGS = 400 nm are presented in Table 3 . The optimal efficiency is 12.49% with the Al 2 O 3 layer and 11.88% without it. Surface recombination being insignificant [27] , the 5.1%-enhancement of η is very likely due to the reduction of optical mismatch between Mo and CIGS by the Al 2 O 3 layer. Improvements in both short-circuit current density and open-circuit voltage due to the Al 2 O 3 layer can also be noted in Table 3 . Hence, the 50-nm-thick Al 2 O 3 layer is present in the solar cell for all results presented from now onward. Table 3 : Predicted parameters of the optimal CIGS solar cell with and without the Al 2 O 3 layer when the 400-nm-thick CIGS layer is homogeneous (E g,min ∈ [0.947, 1.626] eV and A = 0) and the Mo backreflector is flat (L g = 0). 
Optimal solar cell: Homogeneous bandgap & flat backreflector
To allow comparison with a sensible baseline and highlight the advantages of the proposed designs, it is useful to run the optoelectronic optimization for a CIGS solar cell in which the bandgap is homogeneous and the backreflector is flat; i.e., A = 0 and L g = 0. The parameter space for optimizing η then reduces to: E g,min ∈ [0.947, 1.626] eV. Values of J sc , V oc , F F , and η [18, 23] corresponding to the optimal design for L CIGS ∈ {100, 200, 300, 400, 500, 600, 900, 1200 are shown in Table 4 . Depending on L CIGS , the optimal homogeneous bandgap varies, with E g ∈ [1.24, 1.28] eV. The optimal efficiency increases with L CIGS . An efficiency of 13.79% is predicted with an ultrathin-600-nm CIGS layer. The highest efficiency predicted is 18.93%, for a solar cell with a 2200-nm-thick CIGS layer with an optimal bandgap of E g = 1.24 eV.
Optimal solar cell: Homogeneous bandgap & periodically corrugated backreflector
Next, we repeated optoelectronic optimization for solar cells containing a homogeneous CIGS layer but with a periodically corrugated backreflector instead of a flat one. The results of this optimization exercise for fixed L CIGS are provided in Table 5 . On comparing Tables 4 and 5 , we see that periodic corrugation of the Mo backreflector improves the efficiency by no more than 2% (at L CIGS = 200 nm). This indicates the moderate benefit of exciting both surface-plasmon-polariton (SPP) waves [49, 50] and waveguide modes [17] by taking advantage of the grating-coupled configuration [20] , when the CIGS layer is ultrathin. However, that benefit vanishes for thicker CIGS layers.
Optimal solar cell: Linearly nonhomogeneous bandgap
Next, let us consider the maximization of η as a function of L CIGS when the CIGS layer has a linearly nonhomogeneous bandgap, according to either Eq. (2) or Eq. (3). 
Forward grading
Equation (2) is used for linearly nonhomogeneous forward bandgap grading, so that
) for A ≥ 0, the bandgap being smaller near the front contact than near the back contact. Optoelectronic optimization yielded A = 0. Thus, for forward bandgap grading of the CIGS layer, Table 4 holds when the backreflector is flat and Table 5 holds when the backreflector is periodically corrugated.
Backward grading
When Eq. (2) is replaced by Eq.
) for A ≥ 0, optoelectronic optimization predicts A > 0 for optimal efficiency. Table 6 presents optimal η for nine values of L CIGS , when the CIGS bandgap is linearly nonhomogeneous according to Eq. (3) and the Mo backreflector is periodically corrugated. For L CIGS = 100 nm, the optimal η = 9.88% in Table 6 , whereas η = 7.25% in Table 4 . This relative enhancement of 36.27% must be attributed to the backward bandgap grading of the CIGS layer. Concurrently, J sc increases from 14.89 mW cm −2 to 15.09 mA cm −2 (1.3% relative increase) and V oc from 624 mV to 960 mV (53.84% relative increase); however, the fill factor reduces from 78% to 68%.
The overall trend encompasses the enhancement of both η and V oc and the reduction of J sc and FF with backward bandgap grading for all considered thicknesses of the CIGS layer. For L CIGS = 600 nm, upon the incorporation of a linearly nonhomogeneous bandgap and a periodically corrugated backreflector, the optimal efficiency increases from 13.79% (Table 4 ) by 14.5% to 15.79% (Table 6 ) and V oc increases from 704 mV by 45.31% to 1023 mV, but J sc decreases from 24.66 mA cm −2 by 12.89% to 21.48 mA cm −2 and the fill factor reduces from 79% to 71%. The relative enhancement in efficiency decreases as L CIGS increases. Thus, the relative enhancement is only 1.7% for L CIGS = 2200 nm. Higher values of V oc are positively correlated with larger values of Table 7 . Values of E g,min , A, α, K, ψ, L x , ζ, L g , J sc , V oc , and F F for the optimal designs are also shown in this table. For L CIGS = 100 nm, the optimal efficiency is 12.37% in Table 7 , a relative increase of 70.62% over the optimal efficiency of 7.25% in Table 4 . This enhancement must be due to the sinusoidally nonhomogeneous bandgap. Concurrently, J sc increases from 14.89 mA cm −2 to 17.04 mA cm −2 (14.43% relative increase) and V oc from 624 mV to 969 mV (55.28% relative increase); however, the fill factor reduces from 78% to 71%. Notably, V oc increased significantly without J sc decreasing, which is in contrast to solar cells with either a homogeneous or a linearly nonhomogeneous CIGS layer [4, 10] .
For L CIGS = 200 nm, upon the incorporation of a sinusoidally nonhomogeneous bandgap and a periodically corrugated backreflector, the optimal efficiency increases from 9.76% (Table 4) by 73.05% to 16.89% (Table 7) , J sc increases 19.50 mA cm −2 by 23.69% to 24.12 mA cm −2 , and V oc from 660 mV by 52.57% to 1007 mV, but the fill factor reduces from 76% to 69%. Likewise, for L CIGS = 600 nm, the optimal efficiency increases by 65.98% to 22.89% from 13.79%, J sc increases by 18.32% to 29.18 mA cm −2 from 24.66 mA cm −2 , and V oc increases by 48.43% to 1045 mV from 704 mV, although the fill factor reduces to 75% from 79%. The overall trend is that the relative enhancement of η-due to the sinusoidally nonhomogeneous bandgap and the periodically corrugated banckreflector-decreases with the increase of L CIGS , on optoelectronic optimization. The highest optimal η = 27.7% in Table 7 was obtained with the conventional 2200-nm-thick CIGS layer, a relative enhancement of 46.32% with respect to η = 18.93% for the homogeneous CIGS layer in Table 4 . The short-circuit current density increases from 31.11 mA cm −2 by 6.5% to 33.16 mA cm −2 , V oc increases from 742 mV by 44.2% to 1070 mV, but the fill factor reduces to 78% from 82%.
Optimal values of A range from 0.98 to 1 in Table 7 , which is in contrast to A < 0.04 delivered by optical optimization of P sup [21] . The maximum value of A provides the largest possible bandgap variation in the nonhomogeneous CIGS layer. Thus, optoelectronic optimization delivers sinusoidal nonhomogeneity of the bandgap with a large amplitude, whereas optical optimization severely suppresses nonhomogeneity of the bandgap. The inescapable conclusions are that (i) optical optimization is seriously deficient and (ii) optoelectronic optimization is essential for nonhomogeneous-bandgap solar cells.
Previous studies on Schottky-barrier thin-film solar cells [12, 13] had suggested that optimal values of K are integer multiples of 1.5 and that ψ = 0.75. Both predictions are mostly upheld by the optimal data in Table 7 .
The relative enhancement in V oc is almost the same for linear bandgap grading (Table 6 ) as for sinusoidal bandgap grading (Table 7) of the CIGS layer in comparison to the homogenous CIGS layer (Tables 4 and  5 ). However, whereas sinusoidal bandgap grading of the CIGS layer enhances J sc , linear bandgap grading of that layer actually depresses J sc , in comparison to the homogeneous CIGS layer. As the reduction of J sc does not completely overcome the enhancement of V oc for linear bandgap grading, the efficiencies in Table 6 : Predicted parameters of the optimal CIGS solar cell with a specified value of L CIGS ∈ [100, 2200] nm, when the CIGS layer is linearly nonhomogeneous according to Eq. (3) and the Mo backreflector is periodically corrugated. Table 6 exceed their counterparts in Tables 4 and 5 ; of course, the efficiencies in Table 7 are even higher. We conclude that sinusoidally nonhomogeneous bandgap is more efficient than the homogeneous and the linearly nonhomogeneous bandgaps for all L CIGS ∈ [100, 2200] nm. Table 7 : Predicted parameters of the optimal CIGS solar cell with a specified value of L CIGS ∈ [100, 2200] nm, when the CIGS layer is sinusoidally nonhomogeneous according to Eq. (4) and the Mo backreflector is periodically corrugated. 
Optimal solar cells with 600-nm-ultrathin CIGS layer
The highest efficiency in Tables 4-7 is 27.7%. It is predicted by our coupled optoelectronic model for the CIGS solar cell with a sinusoidally nonhomogeneous 2200-nm-thick CIGS layer. However, we are interested in ultrathin CIGS layers to reduce the material and processing costs, keeping in mind the scarcity of indium. The solar cell with the sinusoidally nonhomogeneous CIGS layer of 600-nm thickness and a periodically corrugated Mo backreflector has efficiency η = 22.89 which compares well with the efficiency of the conventional CIGS solar cell with a 2200-nm-thick homogeneous CIGS layer [1] . Therefore, a detailed study of the solar cell with the 600-nm-thick nonhomogeneous CIGS layer is reported next.
Backward linearly nonhomogeneous bandgap
The design and performance parameters of the optimal CIGS solar cell with a 600-nm-thick linearly nonhomogeneous CIGS layer are provided in Table 6 . Spatial profiles of E g (z) and χ(z) delivered by optoelectronic optimization are provided in Fig. 5(a) . Figure 6 (a) presents the spatial profiles of E c (z), E v (z), and E i (z). The spatial variations of E c and E i are similar to that of E g and provide the conditions to enhance the generation rate [4] . Figure 6 (b) presents the graphs of n(z), p(z), and n i (z) under the equilibrium condition. The intrinsic carrier density varies linearly such that it is small where E g is large and vice versa. Tables 6 and 7. Spatial profiles of G(z) and R(n, p; z) are given in Fig. 7(a) . The generation rate is higher near the front face z = L w + L iZnO + L CdS and the back face z = L d of the CIGS layer and slightly lower in the middle of that layer, but the recombination rate drops sharply near the back face of that layer. Furthermore, the spatial profile of the recombination rate follows that of the defect density N f (not provided here). The J dev -V ext characteristics of the solar cell are shown in Fig. 7(b) . From this figure, J dev = 17.45 mA cm −2 , V ext = 0.905 V, F F = 73%, and η = 15.79% for the best performance.
Sinusoidally nonhomogeneous bandgap & periodically corrugated backreflector
The parameters of the optimal CIGS solar cell with a 600-nm-thick sinusoidally nonhomogeneous CIGS layer are provided in Table 7 . The variations of E g and χ with z in the iZnO/CdS/CIGS region of the ultrathin CIGS solar cell are depicted in Fig. 5(b) . With E g,min = 0.95 eV and A = 0.992, E g (z) ∈ [0.95, 1.62] eV. The magnitude of E g (z) is large in the proximity of the plane z = L w + L iZnO + L CdS , which elevates V oc . The regions in which E g (z) is small are of substantial thickness, these regions being responsible for elevating the electron-hole-pair generation rate [18] . The sinusoidal grading close to the back-surface adds additional drift field to reduce the back-surface recombination rate, supplementing the role of the Al 2 O 3 passivation layer. Thus the bandgap profile is ideal for high efficiency. Figure 8 (a) shows the variations of E c , E v , and E i with respect to z. The spatial profiles of E c and E i are similar to that of E g and provide the conditions to enhance the generation rate [4] . Figure 8(b) shows the spatial variations of the electron, hole and intrinsic carrier densities under equilibrium condition. The holes are the majority carriers in p-type CIGS and electrons are the majority carriers in n-type CdS. The intrinsic carrier density varies sinusoidally such that n i is small where E g is large and vice versa.
Profiles of the electron-hole-pair generation rate G(z) and recombination rate R(n, p; z) are shown in Fig. 9(a) . The generation rate is higher in regions with lower bandgap and vice versa. Higher electron-holepair generation rate in the proximity of the plane z = L d can be seen as a consequence of the enhanced electric field at optical frequencies due to the excitation of SPP waves near the back face of the CIGS layer facilitated by the periodically corrugated backreflector [49, 50, 52, 51, 15] .
The J dev -V ext characteristics of the solar cell are shown in Fig. 9 (b). Our optoelectronic model predicts J dev = 24.72 mA cm −2 , V ext = 0.926 V, F F = 76%, and η = 22.89% for the best performance of this solar cell. Given that the thickness of the CIGS layer is just 600 nm, this value of efficiency compares favorably with the 22% efficiency reported for solar cells with a 2200-nm-thick homogeneous CIGS layer [1, 2] .
Sinusoidally nonhomogeneous bandgap vs. linearly nonhomogeneous bandgap
When the bandgap is sinusoidally graded in the CIGS layer, the electron-hole-pair generation rate is higher in the small-bandgap regions than elsewhere in the CIGS layer. The open-circuit voltage is elevated in the optoelectronically optimal designs, because the bandgap is high in the proximity of both faces of the CIGS layer [13, 4, 11] . Both of these features help increase the efficiency, as discussed in Sec. 3.3.7.2.
Similar conclusions emerge when the bandgap is linearly graded in the CIGS layer, with the bandgap being smaller near the back face than near the front face. However, Fig. 5(b) shows that the bandgap is flat and low (∼1 eV) in a large portion of the CIGS layer when the bandgap is sinusoidally nonhomogenous, but that feature is missing in Fig. 5(a) for the linearly nonhomogeneous CIGS layer. The spatial profiles of G(z) − R(n, p; z) provided in Fig. 10 confirm that the net production of charge carriers is boosted in regions of uniformly low bandgap. Hence, the efficiency is significantly higher for sinusoidal grading (22.89%) than for linear grading (15.79%) of the bandgap in the CIGS layer.
Concluding remarks
Optoelectronic optimization was carried out for an ultrathin CuIn 1−ξ Ga ξ Se 2 solar cell with: (i) a CIGS layer that is nonhomogeneous along the thickness direction and (ii) a metallic backreflector corrugated periodically along a fixed direction. The bandgap in the CIGS layer was either sinusoidally or linearly graded.
A 27.7% efficiency, 33.16 mA cm −2 short-circuit current density, 1070 mV open-circuit voltage, and 78% fill factor can be achieved with a 2200-nm-thick CIGS layer that is sinusoidally graded and is accompanied by a periodically corrugated Mo backreflector. There is no change in the foregoing data if the corrugations of the backreflector are suppressed. In comparison, the efficiency is 18.93%, the short-circuit current density is 31.11 mA cm −2 , the open-circuit voltage is 742 mV, and the fill factor is 82%, when the bandgap is homogeneous and the backreflector is flat.
In addition, a 22.89% efficiency, 29.18 mA cm −2 short-circuit current density, 1045 mV open-circuit voltage, and 75% fill factor can be achieved with a 600-nm-thick CIGS layer that is sinusoidally nonhomogeneous and is accompanied by a periodically corrugated Mo backreflector. The efficiency reduces to 22.75% is the backreflector is flat, indicating the modest role of SPP waves [49, 50] and waveguide modes [17] for efficiency enhancement when the CIGS layer is ultrathin. In comparison, the efficiency is 13.79%, the short-circuit current density is 24.66 mA cm −2 , the open-circuit voltage is 704 mV, and the fill factor is 79% when the CIGS layer is homogeneous and the backreflector is flat. The periodic corrugation of the backreflector ex- Table 7. plains some of the enhancement of efficiency, but the majority of the enhancement is seen to be driven by the bandgap nonhomogeneity. Efficiency enhancement can also be achieved by linearly grading the bandgap, but the gain is significantly smaller.
Optoelectronic optimization thus indicates that 22.89% efficiency is achievable with ultrathin solar cells with a 600-nm-thick CIGS layer. This efficiency compares favorably with the 22% efficiency demonstrated with CIGS layers that are more than three times thicker. Thus, bandgap nonhomogeneity in conjunction with periodic corrugation of the backreflector can be effective in realizing ultrathin CIGS solar cells that can help us in tackling the scarcity of indium and provide a way towards multi-terawatt solar-power production. We hope that our model-predicted results will provide an impetus to devise efficacious techniques for bandgap grading of ultrathin CIGS layers. Table 7 .
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